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Flux, Surface Integrals & Gauss’ Law 

A Guide for the Perplexed 

 

0. Introduction 

A surface integral is the generic name given to any attempt to take a surface 

that has a certain value assigned to every point, and find the sum of all these 

values. Examples include: 

• Flux integrals – we know there’s flux going through every part of a surface, 

and we want to find the total flux through the surface. 

• “Charge” integrals – we know that every part of a surface has a charge on 

it, and we want to find its total charge. 

• “Field” integrals – we know that every part of a surface causes a field 

somewhere else, and we want to find the total magnitude of that field. 

 

The general strategy we’ll use to work out these integrals is, as usual, going to be 

to split up the surface into lots of tiny bits, and then integrate over all the tiny 

bits. 

 

In fact, a general strategy that I often find very useful for doing these integrals is 

as follows. Let’s imagine you have a quantity X (which could be 

flux/charge/field/etc…) that you want to sum over a surface… 

1. Decide how you’re going to split up the surface into lots of tiny bits and 

find the area, dA of each of those tiny bits (we’ll discuss this later). 

2. Write the integral in terms of the quantity you’re interested in, which is X. 

So the integral will look something like 

surface
dX∫  

3. Relate dX to dA using the details in the question. The integral will now 

look like 

surface
something dA×∫  

4. Set the limits 

5. Integrate 
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Steps 1-3 three are the “physical” parts of the method, where we think of what 

we’re doing physically. Steps 4-6 are just math, where we convert what we 

physically wrote down to something that we can calculate. 

 

[Note that this method is very similar to what you’d use for volume integrals, 

just replacing dA by dV]. 

 

Of all the kinds of surface integrals you’ll encounter, I think the hardest has flux 

integrals, because the concept of flux is something that a lot of people have 

trouble understanding. That, therefore, is what I want to focus on tonight. We’ll 

find that flux integrals require a few extra steps in addition to those above to 

make them easier. In short, the plan is 

• Define the concept of “flux”, physically and mathematically 

• See why an integral is sometimes needed to calculate flux 

• See why in 8.02, you’ll almost never need an integral to calculate flux ☺ 

• Go through some examples 

• See how it relates to Gauss’ Law, and go through some more examples 

• Have a look at some other surface integrals you’ll need to calculate 

 

1. What is flux? 

It helps to begin by asking “what is flux”? Consider the following question 

“Consider a region of space in which there is a constant vector 

field, ˆ( , , )x y z a=E x . What is the flux of that vector field through 

an imaginary square of side length L lying in the y-z plane?” 
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As ever, let’s begin with a diagram: 
 

 
 

So, how are we going to answer the question? It turns out that a very useful way 

to think of the flux is as follows: 

• Imagine that the vector field is a fluid flowing through space 

• Then, the flux of the field through an area is the amount of “fluid” 

flowing through that area. 

Now, in this case, the area we’re flowing through is L2, and the field strength is a, 

and so 

2Flux aL=  

 

Now, consider a slightly different example 

 “Consider a region of space in which there is a constant vector 

field, ˆ( , , )x y z a=E x . What is the flux of that vector field through 

an imaginary square of side length L lying in the x-y plane?” 

 

Once again, a diagram 
 

 
 

Let’s think back to our fluid analogy. In this case, it should be pretty clear that 

none of the fluid is passing through our square, because the plane of the square is 

x̂

ŷ
ẑ

L

x̂

ŷ
ẑ

L
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parallel to the fluid flow. It’s like trying to blow a bubble with the bubble hoop 

turned the wrong way – you won’t get any air flowing through the hoop, and so 

no bubble �. As such, in this case 

Flux 0=  

 

2. The vector n̂  

The examples we’ve looked at so far are pretty easy – almost trivial – because 

the square was either perpendicular or parallel to the flow. In more complicated 

examples, the area could be along any arbitrary direction. To be able to cope 

with such cases, we need to develop a mathematical way to describe the 

orientation of an area. 

 

The tool we’re going to use to do this is called the normal vector (denoted n̂ ) to 

the area. It is a unit vector that points in a direction perpendicular to the area in 

question. So, for example, for the two planes we considered above, the normal 

vectors are: 

 
 

The more eagle-eyed amongst you will have noticed that there is some ambiguity 

as to how n̂  is defined. In the first case, I could have chosen it downwards 

instead of upwards, and in the left case I could have chosen it to the left instead 

of to the right. This is a problem we’ll talk more about later. 

 

Note: Some texts choose to define a vector ˆArea= ×A n . For pedagogical 

reasons, I’m not going to do this in this handout. But I don’t want it to throw 

you off if you come across it in a book… 

 

x̂

ŷ
ẑ

L

L

n̂

n̂

ˆ ˆ=n z

ˆ ˆ=n x



Flux, Surface Integrals & Gauss’ Law  Page 5 of 37 

 © Daniel Guetta (guetta@cantab.net), 2009 

In any case – to return to the main theme of this evening’s symposium – we’re 

not equipped with a way to deal with much more bizarre planes… 

 

3. Planes in arbitrary directions 

…like in this problem 

“Consider a region of space in which there is a constant vector 

field of magnitude a, in a direction inclined at an angle θ  to the 

normal vector of a square of side length L. What is the flux of the 

field through the square?” 

 

Again, let’s get to ball rolling with a diagram: 

 
How can we proceed with this problem? The key realisation comes when we 

notice that the field vectors can be broken down into two components, as follows 

(for clarity, I’ll only draw one vector): 

 
Now, let’s have a look at the flux of each of these components through the square: 

• The sina θ  component is parallel to the plane, and therefore, as in the 

second example above, it will produce 0 flux. 

n̂

cosa θ

sina θ

n̂

L

θ
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• The cosa θ  component is perpendicular to the plane, and therefore, as in 

the first example above, it will produce a flux 2 cosaL θ  

Adding these two fluxes together, we find that the answer to our question is 

2Flux cosaL θ=  

 

4. Writing these results using elegant math 

You might be starting to see a pattern emerge from the three results above… 

Consider: 

• In the first example, the field was ˆa=E x  and the normal vector was x̂ . 

The total flux was 2aL . 

• In the second example, the field was also ˆa=E x , but the normal vector 

was ŷ . There, the total flux was 0. 

• In the third example, the field and normal vector had an angle θ  between 

then, and the E vector had magnitude a. The total flux was 2 cosaL θ  

It looks, in fact, like the general expression for flux is 

( )ˆFlux Area

ˆA

= ⋅ ×

Φ = ⋅

E n

E n
 

If you think about it, this result makes sense – the dot product basically takes 

the component of the vector field that is parallel to n̂  and so perpendicular to 

the plane and discards the other component. Finally, we multiply by the area. 

 

5. Surface “integrals”? 

So far so good, but we haven’t seen any integrals! What’s going on? What’s 

happening is that so far, I’ve chosen examples with particularly nice properties – 

let’s look at our expression for flux again 

ˆFlux A= ⋅E n  

What’s so nice about the two examples above is that both E and n̂  were 

constant over the area we were considering. How so? 

• E wasn’t changing (it was a constant vector field) 

• We were considering a simple plane, and so one particular n̂  vector was 

perpendicular to every point in the area we were considering. 
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This means that we didn’t need to split up our surface into lots of bits and 

integrate – the answer just came straight out. 

 

Some cases, however, aren’t so nice, and both the bits above could be changing: 

• E could be changing, if our vector field wasn’t constant. 

• n̂  could be changing, if the surface we’re considering isn’t flat. For 

example – consider a hemisphere. Clearly, there is no one n̂  vector that’s 

perpendicular to every point on the surface. The direction of the surface 

charges as we go round 

 

In such cases, we have to use the method of integration I highlighted above. Let’s 

see how each of the steps apply to flux 

1. Decide how you’re going to split up the surface into lots of tiny bits and 

find the area, dA of each of those tiny bits. 

2. Write the integral in terms of the quantity you’re interested in, which is 

flux (Φ ) 

surface
dΦ = Φ∫  

3. Relate dΦ  to dA. 

This is what we just spent the last 15 minutes doing, and we found that 

ˆAΦ = ⋅E n , which implies that ˆd dAΦ = ⋅E n , so the integral becomes 

surface
ˆ dA⋅∫ E n  

4. Set the limits 

5. Integrate 

 

[One thing you ought to know is a bit of notation. When the surface is closed, we 

often put a ring around the integral, as follows 

Every bit
in our surface

ˆ dAΦ = ⋅∫ E n�  

 

For the average scalar integral, these steps would be enough; you could just do 

the integral. However, you can probably already see that this isn’t the average 
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integral – there’s a dot product in there, and a few vectors, and so it’s a bit more 

complicated. However, you’ll be pleased to know that there are a number of 

things that make the integral much simpler, and to take those into account, we 

need to add a few more steps into the method [Note: hopefully by the end of 

tonight, these steps will just be obvious to you and you won’t need to bother 

going through them one by one. But I’m highlighting them to show you the kind 

of thought process you should be going through. If you already understand how 

to do it, then this will, quite rightly, seem a bit silly to you]: 

1. Decide how you’re going to split up your surface (see the next section) 

2. Check if the flux through any bit of your surface is obviously 0. 

3. Find an expression for ˆ⋅E n  

4. Check that ˆ⋅E n  isn’t constant (see later!) 

5. Find dA for each little bit your surface (see next section) 

6. Set the correct limits on your integral 

7. Solve it! 

 

In the next few sections, I want to flesh out some of those steps in a bit more 

detail. 

 

6. Common ways to split up surfaces 

We’ll look at lots of examples with fields soon, but before we do, I want to 

examine this process in step 1 and 5 in more detail – that of “splitting up 

surfaces”. You’ll be glad to know that there are really only three possible surfaces 

you will need to use in 8.02… 

 

1. Planes stuck together 

The first, and simplest case, is a case in which lots of planes are stuck 

to each other – for example, a cube. In such a case, the “bits” you split 

your shape into are simply the faces of the cube, each with their own n̂  

vector: 
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The area of each face is then 

2Area L=  

We then simply find the flux through each face, and add them all up. 

2. A sphere 

A sphere is slightly more complicated. What we do in this case is 

subdivide the sphere into lots of tiles, each of angular thickness dθ  and 

dφ : 

 
The area of each tile is given by 

2d sin d dA r θ θ φ=  

And in this case, the normal vector from each tile points directly 

outwards, in the r̂  direction, so 

ˆ ˆ=n r  

The plan to find the total flux is then to 

L
n̂

n̂

n̂

n̂

n̂

n̂

θ

φ

dθ

dφ

n̂

r
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• Find the flux through each little tile, by calculating ˆ dA⋅E n  for 

the tile. 

• Sum up (= integrate) all these fluxes over the entire surface 

3. A cylinder 

A cylinder is a combination of the two examples above. The top and 

bottom of the cylinder have simple normal vectors, because they are 

planes, but the curved sides have to be divided into lots of little tiles, 

each with their own normal vector: 

 
The area of each tile is given by 

d d dA r zφ=  

And the area of the top and bottom faces is given by 

2Area rπ=  

And once again, the normal vector from each of the tiles clearly points 

in the r̂  direction, so 

ˆ ˆ=n r  

To find the total flux, we simply find the flux over the curved surface 

area by integrating, then find the flux through the two ends, and add 

them all up. 

 

dφ dz

n̂

n̂

n̂

r

φ
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One last point before we move on – you’ll notice that I managed to resolve the 

aforementioned ambiguity in choosing n̂  using the following very useful 

convention: 

The n̂  vector for any closed surface always point 

outwards from the surface 

This then defines all the n̂  vectors uniquely. 

 

7. Why the integral is often very easy… 

So far so good – but you’ll be delighted to know that there are a number of 

factors that often make the integral much, much easier. Our aim in choosing a 

surface in Gauss’ law will be to choose a surface that fulfils one of these 

conditions 

 

The flux through some of the faces might be 0 

This could happen for two reasons: 

• E  could be perpendicular to n̂  on that surface, which means ˆ 0⋅ =E n . 

This such means that the field is parallel to the surface; the second 

example we did today. 

• E could be 0 on that surface… 

 

ˆ⋅E n  might be constant 

This is very handy. Let’s look at the integral again 

Every bit
in our surface

ˆ dAΦ = ⋅∫ E n  

If you calculate ˆ⋅E n , and find that it’s a constant, you can take it out of the 

integral and you’re left with 

Every bit
in our surface

ˆ dAΦ = ⋅ ∫E n  

But the integral is now trivial! All it’s saying is “add up all the areas of the little 

bits that make up my surface”. The result, of course, will just be the area of the 

surface. Therefore 

( )ˆ AΦ = ⋅ ×E n  
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This formula might look familiar – it’s the very first one we derived above. It was 

true there because ˆ⋅E n  was indeed constant (E was a constant vector field and 

n̂  was the same over the whole plane). 

 

8. Examples, examples, examples… 

OK! Time for lots of examples! 

 

“Consider a region of space in which there is a constant vector 

field, ˆ( , , )x y z a=E x . What is the flux of that vector field through 

a cube of side length L lying perpendicular to the field?” 

 

As ever, we begin with a diagram 

 
Let’s go through the seven steps! 

1. Decide how you’re going to split up your surface 

Clearly, we need to split it into each of the faces, so we have 6 planes 

2. Check if the flux through any bit of your surface is obviously 0 

It’s also clear that only the grey faces above will have flux through 

them, because the other faces are parallel to the field lines. 

3. Find an expression for ˆ⋅E n  

For both faces, ˆ( , , )x y z a=E x . For the left-hand-face, ˆ ˆ=−n x , and for 

the right-hand-face, ˆ ˆ= +n x . Therefore, for the left-hand-face, 

ˆ a⋅ = −E n  and for the right-hand-face, ˆ a⋅ =E n . 

 

At his point, we can just stop. The fluxes for those two faces cancel, because 

0a a− = . So 

x̂

ŷ
ẑ

n̂n̂
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Flux 0=  

In retrospect, this makes sense… Every field line that enters the box also leaves 

it, so no “net flux” is coming into the box. 

 

“Consider a region of space in which there is a vector field 

ˆ( , , )x y z a= +E z  above the x-y plane, and a field ˆ( , , )x y z a= −E z  

below the x-y plane. What is the flux of that vector field through a 

cube of side length L with its centre at the origin?” 

 

As usual, the diagram (I’ve tried to draw as few field lines as possible, to make he 

diagram less cluttered – it shows that in the top half of the cube, the field lines 

point up, whereas in the bottom half, they point down. 

 
Once again, let’s go for our seven steps 

1. Decide how you’re going to split up your surface 

Again, we’ll split it up into the six faces. 

2. Check if the flux through any bit of your surface is obviously 0 

Again, flux will only be passing through the top and bottom surface. 

The side faces are parallel to the field, and so the flux through them is 0. 

3. Find an expression for ˆ⋅E n  

For the top face, ˆa=E z  and ˆ ˆ= +n z , and so ˆ a⋅ =E n . For the 

bottom face, ˆa= −E z  and ˆ ˆ= −n z , so we also have ˆ a⋅ =E n . This 

time, the fields do not cancel, because the field changes direction 

halfway through. 

n̂

n̂

L

x̂

ŷ
ẑ
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4. Check that ˆ⋅E n  isn’t constant 

It’s pretty clear that ˆ⋅E n  is indeed constant over these surfaces. So no 

integration! Yay! 

5. Find dA for each little bit your surface 

Each of the faces has area L2 

 

And that’s it! Since ˆ⋅E n  is constant, we just multiply it by A for each face, and 

get 
2 2

2

Flux

Flux 2

aL aL

aL

= +

=
 

Once again, this kind of makes sense – this time, we have field lines being 

“created” inside the cube, so there’s a net flux through its faces. 

 

“A planet of radius R rests in a constant vector field 

ˆ( , , )x y z a=E x . What is the flux through the surface of the planet” 

 

First, a diagram 

 
 

This is another example of a situation in which a field goes through a closed 

surface. Clearly, every field line that enters the planet also leaves it, and so the 

total flux through the planet is 0. 

 

If you want to think about it mathematically, you can realise that the field lines 

are always pointing towards the left, but that the normal vectors are always 

pointing outwards from the planet, and therefore sometimes point left and 

sometimes point right. 
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This fact (that fields through closed surfaces give 0 flux) will be extremely useful 

in our discussion of Gauss’ Law. However, a slight caveat – this only applies if 

the divergence of the field is 0 ( 0∇⋅ =E ) in the region of the closed surface. If 

you don’t know what that means, don’t worry – you’ll find out in a future math 

session. 

 

“Consider a cylinder of radius r and length L. A field 

ˆ( , , )r z aφ =E r  radiates from the line through the centre of the 

cylinder. Find the flux of the field through the surface of the 

cylinder. 

 

Let’s draw a diagram (as usual, the field lines are in grey): 

 
 

Once again, let’s go through the steps: 

1. Decide how you’re going to split up your surface 

In this case, it’s pretty clear we have cylindrical symmetry. So we’ll say 

the two ends of the cylinder are planes, and we’ll split the curved 

surface into tiles. 

2. Check if the flux through any bit of your surface is obviously 0 

The flux through the two ends is obviously 0, because the field is 

parallel to those ends. 

n̂

n̂

n̂

n̂

n̂

n̂

n̂

n̂
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3. Find an expression for ˆ⋅E n  

In this case, we saw that ˆ ˆ=n r , and we told that ˆa=E r . Therefore, 

ˆ a⋅ =E n  (this makes sense – the field lines and normal vectors are 

parallel to each other). 

4. Check that ˆ⋅E n  isn’t constant 

In this case, ˆ a⋅ =E n , which is indeed a constant. Bingo! 

 

We’ve found that ˆ⋅E n  is a constant in this case, so that’s it. We’re done! The 

integral becomes: 

curved surface
of cylinder

curved surface
of cylinder

ˆ d

d

A

a A

Φ = ⋅

Φ =

∫

∫

E n

 

But the integral is just the curved surface area of the cylinder, which is 2 rLπ , 

and so 

Flux 2 raLπ=  

 

“Consider a sphere of radius R in which there is a vector field of 

changing magnitude 1/r2, which is everywhere pointing outwards 

from the centre of the sphere. What is the flux of the field through 

the surface of the sphere” 

 

Diagram (to clarify things, I’ve only drawn one bit of the sphere, and one set of 

field lines): 

 

n̂

R
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Let’s go through the steps 

1. Decide how you’re going to split up your surface 

Clearly, in this case, it makes sense to break into small tiles, as shown 

above. 

2. Check if the flux through any bit of your surface is obviously 0 

Nope �. There’s stuff going through the whole thing… 

3. Find an expression for ˆ⋅E n  

In this case, 
2

1 ˆ
r

=E r  (because it’s pointing radially outwards and has 

magnitude 1/r2). Furthermore, we saw that in the case of a sphere, 

ˆ ˆ=n r . Therefore, 2ˆ 1/ r⋅ =E n . 

4. Check that ˆ⋅E n  isn’t constant 

Looking at the expression for ˆ⋅E n , you might be tempted to say that 

it’s changing, because it includes the variable r. However, remember 

that we’re only doing this integral over the surface of the sphere, where 

r = R is constant! Therefore, ˆ⋅E n  is constant. 

 

So that’s it! We’re done! We can take ˆ⋅E n  out of the integral, and get 

curved surface
of cylinder

curved surface2
of cylinder

ˆ d

1
d

A

A
R

Φ = ⋅

Φ =

∫

∫

E n

 

The integral is, once again, just the surface area of a sphere, which is 

2

2

1
4

Flux 4

R
R
π

π

Φ =

=
 

 

OK, so far so good – we’ve managed to work out the flux from some fields. But 

in Gauss’ Law, we have to do it the other way round – we know the flux, and we 

need the field. It’s really, really, trivial to go from one to the other, but let’s do it 

anyway just to get you completely comfortable with it… I’m going to take the 

case above, and just do it backwards 
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“A sphere of radius R lies in a constant vector field of unknown 

strength which is everywhere pointing outwards from the centre of 

the sphere. The strength of the field depends on r only. The flux 

of the field through that sphere is 4π . Find the unknown field” 

 

The diagram is exactly the same as above since we know the field is pointing 

radially outwards. This time, however, we don’t actually know what the 

magnitude of the field is, so we’ll just call it ( )E r . Let’s go through the seven 

steps. 

1. Decide how you’re going to split up your surface 

As above… 

2. Check if the flux through any bit of your surface is obviously 0 

As above: Nope �. There’s stuff going through the whole thing… 

3. Find an expression for ˆ⋅E n  

In this case, ˆE=E r  (because it’s pointing radially outwards and has 

magnitude E). Furthermore, we saw that in the case of a sphere, ˆ ˆ=n r . 

Therefore, ˆ E⋅ =E n . 

4. Check that ˆ⋅E n  isn’t constant 

Looking at the expression for ˆ⋅E n , you might be tempted to say that 

it’s changing, because E is a function of r. However, remember that 

we’re only doing this integral over the surface of the sphere, where r = 

R is constant! Therefore, ˆ⋅E n  is constant. 

 

So we’re done! ˆ ( )E R⋅ =E n  is constant, and we can just write 

curved surface
of cylinder

curved surface
of cylinder

2

ˆ d

( ) d

( ) 4

A

E R A

E R Rπ

Φ = ⋅

Φ =

Φ = ×

∫

∫

E n

 

However, we know that the flux is equal to 4π , because the question told us, and 

so 
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2

2

( ) 4 4

1
( )

E R R

E R
R

π πΦ = × =

=
 

However, R is just a variable which we can take whatever value we want. 

Therefore, this is true for all radii, and 

2

1
ˆ( )r

r
=E r  

 

The final example I’d like to try is one where you actually have to do the integral. 

I think it’s beyond anything they might ask you in 8.02, but let’s try it anyway, 

just to give you an idea of how they’re done 

 

“Consider a region of space in which there is a constant vector 

field ˆ( , , )x y z a=E z . A hemisphere of radius R lies on the x-y 

plane. What is the flux of the field through the sphere?” 

 

First, a diagram. Again, I’ve only drawn a quarter of the sphere and a single field 

line, for clarity: 

 
Let’s go through the steps 

1. Decide how you’re going to split up your surface 

As usual, we split up the sphere into small tiles. (Note that it’s only the 

hemisphere we want, so the “flat” bottom face is not included – if it 

was, what would you immediately be able to say the flux was?). 

θ

φ

n̂

r
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2. Check if the flux through any bit of your surface is obviously 0 

Nope – the field is everywhere on the curved surface �. 

3. Find an expression for ˆ⋅E n  

To do this, let’s draw a “tile” in greater more detail 

 
At this point, we’re in trouble, because ˆa=E z  but ˆ ˆ=n r  (as it always 

does in spherical coordinates), but we don’t know how to calculate the 

dot product ˆˆ ⋅z r , because they’re in different coordinate systems. 

 

The solution to this problem is to express r̂  in Cartesian coordinates. It 

turns out that ˆ ˆ ˆ ˆsin cos sin sin cosθ φ θ φ θ= + +r x y z , as you might be 

able to see from this diagram (I’m afraid it’s getting close to 4:00am, so 

the quality of my diagrams is deteriorating – apologies): 

 
 

Therefore, we have that 

( )ˆ ˆ ˆ ˆˆ ˆ ˆsin cos sin sin cos cosa a aθ φ θ φ θ θ⋅ = ⋅ = ⋅ + + =E n z r z x y z  

φ

ˆcosθz

r̂
θ

ˆsin cosθ φx

ˆsin sinθ φy x̂

n̂

θ

E
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4. Check that ˆ⋅E n  isn’t constant 

No such luck this time! θ  changes as we move to different places on the 

surface, so ˆ⋅E n  will also change. We need to integrate. 

5. Find dA for each little bit your surface 

When we talked about tiling a sphere, we mentioned that each small 

time had area 
2d sin d dA R θ θ φ=  

Where R is the radius of the hemisphere. 

6. Set the correct limits on your integral 

So our integral at the moment is 

surface of
hemisphere

2

surface of
hemisphere

ˆ d

cos sin d d

A

a Rθ θ θ φ

Φ = ⋅

Φ =

∫

∫

E n

 

The only problem now is the phrase “surface of hemisphere” which we 

have instead of limits – that’s not very mathematical! To convert that 

to math, we realise that there are two variables in this case - θ  and φ . 

Let’s see what the range of each variable has to be to encompass the 

sphere 

• θ  has to range from 0 to / 2π  (from the z axis to the x-y plane) 

• φ  has to range from 0 to 2π  (all around the z axis). 

Therefore, the appropriate limits are 

/2 2
2

0 0
cos sin d da R

π π

θ φ
θ θ φ θ

= =
Φ = ∫ ∫  

[Note how I’ve swapped the order of φ  and θ  - that’s just because 

there’s no φ  in the integral, so I can easily get rid of that integral first. 

Not essential, but it makes my life easier]. 

7. Solve it! 

Time to get our integral solving skates out. First, take out the constants 

/2 2
2

0 0
cos sin d daR

π π

θ φ
θ θ φ θ

= =
Φ = ∫ ∫  

Then, perform the easy φ  integration 

/2
2

0
2 cos sin daR

π

θ
π θ θ θ

=
Φ = ∫  
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Then, make the substitution c dsin d osuu θ θθ ⇒ ==  

1
2

0
2 daR u uπΦ = ∫  

Do the easy integral 

1
2 21

2 0
2 aR uπ  Φ =     

And get 

2Flux aRπ=  

 

In retrospect, this is very re-assuring, because the flux through the bottom face of 

the hemisphere would have been 2aRπ−  (Why? And why is there a minus sign?), 

which means that the two would sum 0. This makes sense, because the total flux 

through a closed surface (like the closed hemisphere) should be 0. 

 

9. Gauss’ Law 

OK, enough with the math! Time for some physics! The whole point of going 

through this rigmarole was to be able to evaluate the surface integral in Gauss’ 

Law: 

enclosed
any closed
surface 0

ˆ d
Q

A
ε

⋅ =∫ E n�  

Gauss’ Law is really incredibly easy to use – all you need to do is deal with the 

left hand side, then deal with the right hand side, and set them equal to each 

other ☺. What I want to do now is spend some time going through how to deal 

with each side, in detail… 

 

10. The left-hand-side of Gauss’ Law 

You might think we’ve already done all the work needed to evaluated the LHS, 

because we know how evaluate surface integrals. This is nearly true, but there’s a 

slight additional subtlety. Gauss’ Law holds for any closed surface, so we’re going 

to have to choose one particular surface over which to do an integral. In this 

section, I’m going to explain how to choose that surface. 
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There are only three steps to evaluating the LHS of Gauss’ Law: 

1. Determine what the field is going to look like (perhaps using symmetry). 

2. Choose the Gaussian Surface that will make the surface integral as easy as 

possible (remembering the two conditions that can make a surface integral 

easy: “the flux through one of the faces might be 0” and “ ˆ⋅E n  might be 

constant”) This can only be one of three possibilities (all of which we’ve 

looked at in the last section) 

a. A box 

b. A cylinder 

c. A sphere 

3. Perform the surface integral (in this case, E is still unknown, so you have 

to use the techniques in the second-to-last example above). 

 

These are best shown by examples, in two sections’ time… 

 

11. The right-hand-side of Gauss’ Law 

The right-hand side of Gauss’ Law is even easier – it really is as easy as finding 

the total charge enclosed inside the surface and dividing by 
0
ε . 

 

The only subtlety involved is working out how much charge is contained in a 

small part of a shape. For example… 

 

“A sphere of radius R has a charge Q uniformly distributed 

through it. How much charge is contained in the part of this 

bigger sphere with r < R 

 

The key to working this out is really very simple: 

1. Work out the charge density 

In this case, the total charge is Q. The total volume is 34

3
Rπ . The total 

charge density is therefore ( )3 34

3
/ 3 / 4Q R Q Rρ π π= =  

2. Work out the volume of the smaller shape we’re interested in 
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In this case, the smaller sphere has volume 34

3
rπ . 

3. Multiply the two 

Therefore, the total charge contained in the smaller shape is  

34

3
3

3

3

3

3 4

34

q r

Q r
q

R

r
q Q

R

ρ π

π

π

= ×

= ×

=

 

 

The only reason this works is because the charge distribution is uniform 

throughout the sphere. It’s possible for ρ  to be different in different parts (in 

which case you’d need an integral – see later). 

 

12. Example 

Phew! We’re done! All that’s left is applying it! Piece of cake ☺. Note that since 

this session was supposed to deal with math rather than physics, I’m only 

including one example, which I probably won’t end up talking about anyway due to 

lack of time… 

 

“A sphere of radius R has a charge Q uniformly distributed 

through it. Find the field inside and outside the sphere” 

 

This is really two problems in one – first the inside of the sphere, then the 

outside. Let’s do each separately 

 

Outside the sphere 

Let’s go through our steps. First, the LHS of Gauss’ Law 

1. Determine what the field is going to look like 

What’s the field going to look like outside a sphere? Well, we can use a 

symmetry argument to show that it must be of the form ˆ( )E r=E r  [in 

other words, it must be radially outwards from the centre of the sphere, 
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and have a value that depends only on its distance from the centre of 

the sphere]. The argument is as follows: 

• Let’s imagine that E also had components in the θ̂  and/or φ̂  

directions. What that would mean is that an electron resting on 

the surface of the sphere would be pushed left or right by the 

field. But that would imply that there’s something on one side of 

the sphere pulling us that way. But that’s impossible, because 

both sides of the sphere are identical, and anything pulling us on 

one side must also be pulling us from the other side, and 

cancelling out. 

• Let’s imagine that E also depended on θ  and φ . That would 

mean that if we stood at a given point on the sphere, we’d feel 

something different if me moved left or if we moved right. But 

that’s absolutely impossible, because both sides of the sphere are 

exactly the same. 

Therefore, the field from the sphere is radially outwards: 

 
2. Choose the Gaussian Surface that will make the surface integral as easy as 

possible 

Let’s look at the two possible simplifications to the surface integral and 

see if we can choose a Gaussian surface that fulfils either one of them: 

• Making the flux through one of the faces 0 – can’t think of any 

easy way to make this happen… 
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• Making ˆ⋅E n  constant – this looks promising… The field lines 

are all radially outwards, and the field is constant at a given 

radius. So it seems a good Gaussian surface will (1) have n̂  also 

pointing radially outwards (2) all be located at a single radius. 

A surface that satisfies such conditions is the surface of a sphere – it’s 

always at a single radius, and n̂  points radially outwards. 

 

How big should the sphere be, though? 

 

A very common mistake is to assume that the Gaussian surface needs to 

be physical (so, for example in this case, that the Gaussian surface 

needs to be the actual surface of our physical sphere, and that the 

radius of our Gaussian surface therefore needs to be R). However, this is 

not true. The Gaussian surface is a fictitious mathematical object, which 

we just create to use Gauss’ Law. 

 

So, how big does it have to be? Well, it just depends where we want to 

find E. If we want to know what E is at a distance X from the centre of 

the physical sphere, then we need to make sure the field lines at that 

distance cross our Gaussian surface. To do that, we give our Gaussian 

surface a radius X. 

 

In this case, we’re only interested in the field outside the physical sphere, 

so we’ll simply say our Gaussian surface has radius r, where r R> : 
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3. Perform the surface integral 

Finally, we need to perform the integral for the field ˆ( )E r=E r  over 

the sphere of radius r. Conveniently, we did this in the previous section, 

and came up with 

2

surface of sphere
of radius 

ˆ d 4 ( )
R

A r E rπ⋅ =∫ E n  

 

Now let’s deal with the RHS of Gauss’ Law. In this case, it’s simple, because 

whatever r is, it’ll always include the entire sphere (because r > R, since we’re 

looking for the field outside the sphere) and so the enclosed charge is just Q. 

Therefore, the RHS is just 
0

/Q ε . 

 

Putting both sides together, Gauss’ Law gives 

2

0

2

0

( ) 4

( )
4

Q
E r r

Q
E r

r

π
ε

πε

× =

=
 

This holds for any r outside the sphere, and so we’ve solved the first part of the 

problem! 

 

R

r
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Inside the sphere 

Inside the sphere, absolutely everything we’ve said above still applies, except for 

two things: 

• Our Gaussian surface will now need to be chosen for r R< , since we’re 

interested by stuff inside the sphere: 

 
• The integral for flux will not change in form, because only field lines from 

stuff inside the Gaussian surface will matter. The field lines from outside 

will just enter the sphere and leave again, adding 0 to the flux. 

• The charge contained inside the Gaussian surface will now be different. 

Assuming our Gaussian surface has a radius r, we can use the result of the 

previous section to find that the charge contained in it is 

3

3

r
q Q

R
=  

And so the RHS of Gauss’ Law will simply be 3 3

0
/Qr Rε  

 

Applying Gauss’ Law to everything we said above, we get 

3
2

3

0

3

0

( ) 4

( )
4

Qr
E r r

R

Qr
E r

R

π
ε

πε

× =

=
 

And this is the solution to the second part of the problem! 

R

r



Flux, Surface Integrals & Gauss’ Law  Page 29 of 37 

 © Daniel Guetta (guetta@cantab.net), 2009 

 

13. “Other” types of surface integrals 

So far, the only kind of surface integrals we’ve done are flux integrals – whose 

aim is to find the total flux through a surface. As I said, you’ll very rarely 

actually need to do an integral in these cases. 

 

However, as I mentioned in the introduction, the term “surface integral” can 

refer to summing anything over a surface – not just flux. There are many 

examples of such integrals, and I want to go through two examples. We will, as 

ever, be using the 5 steps I outlined in the introduction 

 

“The curved surface of a cylinder of radius R and length L is 

charged, but the surface distribution is not uniform. It turns out 

that the charge density per unit area is equal to the distance from 

the bottom of the cylinder multiplied by a constant a. Find the 

total charge on the surface of the cylinder” 

 

We basically have a cylinder, the surface of which contains charge of density per 

unit area ρ . What’s ρ ? Well, if we place the bottom of the cylinder centred at 

the origin, then the height from the bottom of the cylinder is simply z: 

 
So azρ = , in a cylindrical coordinate system. 

 

Now, let’s go through the steps 

ẑ

r

φ

z
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1. Decide how you’re going to split up the surface into lots of tiny bits, and 

find the area, dA of each of those tiny bits 

This is a cylinder, with cylindrical symmetry, so it begs to be split up 

into small tiles as follows (as discussed above): 

 
As we mentioned above, the area of each tile is 

d d dA R zφ=  

2. Write the integral in terms of the quantity you’re interested in 

In this case, the quantity we’re interested in is the total charge, q, on 

the cylinder. So our integral is 

surface
dq q= ∫  

3. Relate dq to dA using the details in the question 

OK, so far so good. The problem is that we don’t know what dq is! 

However, we do know what dA is. Is there any way we can relate the 

charge to the area? Indeed there is! We have the charge density per unit 

area, and so we know that Charge Areaρ= × . As such 

d d dq A az Aρ= =  

So our integral is now 

surface
dq az A= ∫  

Which, putting our expression in for dA, looks like 

surface
d dq az R zφ= ∫  

4. Set the limits 

Finally, we need to set limits. The little “surface” in the integral above 

isn’t very mathematical. How can we express the surface of our cylinder 

in another way? Well, we can look back at the diagram above to decide 

what range of the two variables involved we need: 

dφ dz

R

φ

L
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• z is the distance along the height of the cylinder, which clearly 

goes fro 0 to L. 

• φ  goes from 0 to 2π , because we need to go all the way around 

the cylinder 

So, our integral now looks like 

2

0 0
d d

L

z
q az R z

π

φ
φ

= =
= ∫ ∫  

5. Integrate! 

Piece of cake ☺ 
2

0 0

0

2

d d

2 d

L

z
L

z

q az R z

q Ra z z

q RaL

π

φ
φ

π

π

= =

=

=

=

=

∫ ∫
∫  

And that’s it! 

 

Let’s try another example: 

 

“Find the field at the top of a uniformly charged spherical shell 

(not including the “ends”) of surface charge density ρ  per unit 

area, radius R and length L” 

 

The problem is the following 

 
We would like to find the field at the point indicated by a blob in the diagram 

above. 

 

ẑ

R

L
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You might be tempted to use Gauss’ Law (after all, we need to find a field) but 

it turns out it won’t work here. We’ll how you know what method to pick in the 

next section. 

 

It turns out that the correct method here is to split the cylinder into lots of tiny 

bits, and then to consider the field of each of those tiny bits at the blob, and add 

them up to find the total field at the blob. 

 

The last observation we’ll make before getting on with it is that the field at the 

blob will only be in the ẑ  direction. Fields in all other directions will cancel, 

because of the cylindrical symmetry of the system… 

 

So let’s go through it 

1. Decide how you’re going to split up the surface into lots of tiny bits, and 

find the area, dA of each of those tiny bits 

It turns out that the best way to split up the surface here is into lots of 

small little rings [bear that in mind for the PSet]. But let’s assume that 

you didn’t know that. You’d jus see a cylinder, and be inclined to want 

to split it up into lots of tiles, as in the previous example 

 
And again, the area of each tile would be 

d d dA R zφ=  

2. Write the integral in terms of the quantity you’re interested in 

In this case, we’re interested in the z component of the field from the 

tile at the point indicated by a blob. The total z-field, Ez, will be given 

by the sum of all the little small ones: 

surface
d

z z
E E= ∫  

dφ dz

R

φ

L
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3. Relate dEz to dA using the details in the question 

So we somehow need to find what the z component of the field from 

that little tile is at the blob located at the origin. 

 
 

First, let’s imagine that we know that charge of the tile (let it be dq). 

Can we work out the field? The answer is yes, of course, because 

3

d
d

k q

r
=E r  

In this case, r is the vector indicated above, from the tile to the blob at 

the origin, and is given by ˆˆz R= − −r z r  (because to get from the tile 

to the origin, we need to go down a distance z and into the cylinder a 

distance R), and so 2 2z R= +r . This means that 

( )
( )

( )
( )

3/2
2 2

3/2
2 2

d
ˆˆd

d
ˆˆd

k q
z R

z R

k q
z R

z R

= − −
+

=− +
+

E z r

E z r

 

However, remember that all we care about is the z component of the 

field, and so 

( )3/22 2

d
d

z

kz q
E

z R
= −

+
 

 

n̂

r
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So now we’ve found dEz in terms of dq. The last thing we need to do is 

find dq in terms of dA, and that’s easy – it’s just want we did in the 

previous example 

d dq Aρ=  

As such 

( )3/22 2

d d
z

kz
E A

z R

ρ
= −

+
 

And our integral becomes 

( )3/2surface 2 2

d
z

kz
E A

z R

ρ
= −

+
∫  

Putting in our expression for dA: 

( )3/2surface 2 2

d d
z

kz
E R z

z R

ρ
φ= −

+
∫  

 

4. Set the limits 

You can hopefully convince yourself that the limits are φ  from 0 2π→  

and z from 0 L→ , which gives 

( )
2

3/20 0 2 2

d d
L

z z

kz
E R z

z R

π

φ

ρ
φ

= =
= −

+
∫ ∫  

5. Integrate 

We can start by removing constants and doing the easy φ  integral 

( )

( )

2

3/20 0 2 2

3/20 2 2

d d

2 d

L

z z

L

z z

kz
E R z

z R

z
E Rk z

z R

π

φ

ρ
φ

π ρ

= =

=

= −
+

=−
+

∫ ∫

∫
 

The integral remaining is best done by a substitution 
2 2u z R= +   d 2 du z z=  

And we get 
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2 2

2

2 2

2

2 2

2

3/2

3/2

1/2

2 2

1 1
2 d

2

d

2

2 1

L R

z R

L R

z R
L R

z R

z

E Rk u
u

E Rk u u

E Rk u

R
E k

L R

π ρ

π ρ

π ρ

π ρ

+

+
−

+
−

=−

=−

 = − −  
 
 = − 
 +  

∫

∫
 

 

We can perform various reality checks on this answer: 

• Ez is negative. This makes sense – if ρ  is positive, then the charge on the 

cylinder is positive, and we would therefore expect it to repel another 

positive charge placed at the blob. 

• If L → 0, we should get the field at the centre of a ring (since a cylinder of 

0 length is a ring). We get: 

2
2 1 0

z

R
E k

R
π ρ
 
 = − = 
  

 

At it should, because the field at the centre of a ring is 0 

• If L → 0 and R → 0, we should get the field at a point charge 

0
2 1 ?

0
z
E kπ ρ

 
 = − = 
 

 

As expected, this is undefined, because the field at a point charge is 

infinite. 

 

Let’s try a slight tweak of the example above, where the charge is varying 

 

“Find the field at the top of a uniformly charged spherical shell 

(not including the “ends”) of radius R and length L, assuming 

that the surface charge density per of the cylinder per unit area 

varies, and is given by azρ = , where z is the distance from the 

bottom of the cylinder.” 

 

This is precisely the same example as above, except that the charge on the 

cylinder grows as you get higher and higher up the cylinder. It turns out that the 
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whole analysis is exactly the same as above (in fact, just go back there and read 

it all!) until we get to step 5, the integral. To remind you, the integral looked like 

( )
2

3/20 0 2 2

d d
L

z z

kz
E R z

z R

π

φ

ρ
φ

= =
= −

+
∫ ∫  

Recall that when we did the integral before, we took ρ  out as a constant. Now, 

however, it’s no longer constant – it’s equal to az. So we re-write 

( )

22

3/20 0 2 2

d d
L

z z

az
E Rk z

z R

π

φ
φ

= =
= −

+
∫ ∫  

We can easily do the φ  integral 

( )

2

3/20 2 2

2 d
L

z z

z
E Rka z

z R
π

=
= −

+
∫  

This integral is difficult, and it’s far beyond what you’d be expected to do in 8.02. 

But it gives you an idea how you should have set it up. 

 

And now a final example, using spherical symmetry 

 

“A rather bizarre spherical shell of radius R is made up of a 

material whose density, ρ , varies around the sphere. It turns out 

that aρ φ= , measured in spherical polar coordinates. Find the 

total mass of the sphere” 

 

Let’s go through the steps 

1. Decide how you’re going to split up the surface into lots of tiny bits and 

find the area, dA of each of those tiny bits 

In this case, spherical symmetry is clearly the way to do, with the 

sphere divided into lots of little tiles: 
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And the area of each tile is given by 

2d sin d dA R θ θ φ=  

2. Write the integral in terms of the quantity you’re interested in, which is 

mass. 

surface
dM m= ∫  

3. Relate dm to da using the details in the question. 

We know that Mass Areaρ= × , and so 

d dm Aρ=  

And so the integral becomes 

surface
2

surface

d

sin d d

M A

M a R

ρ

φ θ θ φ

=

=
∫

∫
 

4. Set the limits 

It’s left as an exercise to the reader to show that the correct limits are 

2
2

0 0
sin d dM a r

π π

θ φ
φ θ θ φ

= =
= ∫ ∫  

5. Integrate 

We leave it as an exercise to the reader to do the integral and show 

that 

2 24M aRπ=  

 

θ

φ

dθ

dφ

n̂

R


