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Game Theory deals with situations in which the utility

of one player depends on the actions on some of the

other players as well as their own.

1 Basic elements of noncooperative

games

Example

Sealed-bid auctions : First-price auction: the win-

ner pays his valuation. Second-price auction: the

winner pays the second highest bid. All pay

auction: everyone pays their bid, regardless of

whether they win or lose.

Oligopolist models : n > 1 �rms. Each has the

ability to produce any quantity qi of a product at

cost Ci(qi).

Cournot : quantity competition. Firms simul-

taneously and secretly choose their outputs,

and the price is determined by the inverse

market demand

p = p (σiqi)

The pro�t of �rst i is

Πi(q1, · · · , qn) = q1p (σiqi)− Ci(qi)

Bertrandt : price competition. Firms simul-

taneously and secretly choose their prices

pi. These are then revealed and demand

D(pmin) is realised. All �rms who posted

that price share in the demand (and pro�ts)

equally.

1.1 Extensive Representation

The extensive form of a game involves a game tree

� this shows every possible move every player could

make, sequentially.

It is possible that, before his move, the player could

be at any one of a number of nodes (for example, if

the other player hid their action). These nodes are

aggregated in an information set, a subset of a given

player's decision nodes at a given time. Note that every

decision node in an information set must have the same

set of possible actions.

De�nition 1. (Perfect information) A game is

one of perfect information if each information set

contains a single decision node. Otherwise, it is a

game of imperfect information.

Chance can be introduced by adding `nature' as a

player, with a probability associated to each branch.

1.2 Normal Form Representation

De�nition 2. (Strategy) Let

• Hi denote the collection of player i's informa-

tion sets.

• A denote the set of possible actions in the

game.

• C(H) ⊂ A denote the set of actions possible

at information set H.

A strategy for player i is a function si : Hi → A
such that si(H) ∈ C(H) for all H ∈ Hi.

Clearly, if we have every possible strategy as well as the

outcomes from each strategy, we have a full description

of the game.

De�nition 3. (Normal form representation)

For a game with ` players, the normal form rep-

resentation ΓN speci�es (for each player) a set of

strategies Si and a payo� function ui(s1, · · · , s`)
(with si ∈ Si for all i), giving von Neumann-

Morgenstern utility levels associated with the (pos-

sibly random) outcome arising from strategies
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s1, · · · , s`. Formally,

ΓN = [`, {Si}, {ui(·)}]

Every extensive representation has a unique normal

form representation. The reverse is not true � some

information is lost in the normal form.

1.3 Randomized choices

De�nition 4. (Mixed strategy) Given a player

i's (�nite) pure strategy set Si, a mixed strategy for

this player, denoted σi : Si → [0, 1], assigns to each
pure strategy si ∈ Si a probability σi(si) ≥ 0 that

it will be played (with probabilities summing to 1).

(All possible mixed strategies for player i lie on a sim-

plex, which we denote ∆(Si)). We therefore denote a

normal form game with mixed strategies by

ΓN = [`, {∆(Si)}, {ui(·)}]

This randomization over strategies induces a random-

ization over terminal nodes. Letting S = S1 × · ×
S`, player i's von Neumann-Morgenstern utility from

mixed strategy pro�le σ is

∑
s∈S

[
ui(s)

∏̀
i=1

σi(si)

]

Note that an alternative representation of randomized

choices that uses the extensive version of the game

is through a behaviour strategy, which, for every in-

formation set, associates a probability to each action.

For games of perfect recall (in which a player remem-

bers what he did in every previous move), Kunh (1953)

showed that these two concepts are identical.

2 Simultaneous Move Games

Given a a normal form game ΓN , can be predict what

will happen?

We denote

s−i = (s1, · · · , si−1, si+1, · · · , s`)

S−i = S1 × · · · × Si−1 × Si+1 × · · · × S`

2.1 Dominant and Dominated Strategies

De�nition 5. (Strictly dominant strategy) A

strategy si ∈ Si is a strictly dominant strategy for

player i if for all s′i 6= si, we have

ui(si, s−i) > ui(s
′
i, s−i)

for all s−i ∈ S−i.

The strategy si is said to be weakly dominant if

the inequality above is strict for at least one s′i,
but possibly soft for the others.

Rational players never play strictly dominated strate-

gies. The argument for weakly dominated strategies

is not as strong, since there are always some strategies

that the opponent might play against which the weakly

dominated strategy performs just as well. A weakly

dominated strategy can only be declared irrational in

a situation in which the player knows his opponent puts

positive probability on every strategy available to him.

Note that if we assume full information and, further,

that every player knows the other player is rational, we

can go through multiple iterations of deleting strictly

dominated strategies. The order in which such strate-

gies are deleted does not matter. Deleting weakly dom-

inated strategies results in a game that does depend

on the order of deletion (because the assumption an

opponent puts positive probability on all strategies is

incorrect if some of those are weakly dominated and

will be deleted).

De�nition 6. (Strictly dominant mixed

strategy) A strategy σi ∈ ∆(Si) is strictly dom-

inated for player i if there exists another strategy
σ′i ∈ ∆(Si) such that for all σ−i ∈

∏
j 6=i ∆(Sj)

ui(σ
′
i, σ−i) > ui(σi, σ−i)
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The following theorem states that to check strict dom-

inance of σi, it is enough to check it against the pure

strategies of i's opponents

Theorem 1. A strategy σi ∈ ∆(Si) is strictly dom-

inated for player i if and only if there exists another

strategy σ′i ∈ ∆(Si) such that for all s−i ∈ S−i

ui(σ
′
i, s−i) > ui(σi, s−i)

Proof. The ⇒ part is obvious. For the ⇐ part, note

that the payo� of any mixed strategy is a convex com-

bination of the payo�s of the pure strategies.

Note:

• A pure strategy that is not strictly dominated by

pure strategies may be strictly dominated by a

mixed strategy.

• A mixed strategy may be strictly dominated even

if none of the pure strategies it puts weight on are

strictly dominated.

• Any strictly dominant mixed strategy must be

pure.

• Any mixed strategy that puts weight on a strictly

dominated pure strategy is strictly dominated.

Example

In a two-person game in which player 2 only has

two options, dominance for player 1 can be examined

graphically. Let the x and y axis denote the payo�

from player 1 for of player 2's strategies. Each one of

player 1's strategies can then be plotted on this graph.

Mixed strategies can be represented by lines between

pure strategies.

2.2 Rationalizable Strategies

De�nition 7. (Best response) σi is the best

response for player i to his rival's strategies σ−i if

ui(σi, σ−i) ≥ ui(σ′i, σ−i)

for all σ′i ∈ ∆(Si).

The strategy is never a best response if there is no

σ−i for which σi is a best response.

The strategies in ∆(Si) that survive the iterated

deletion of strategies that are never a best response

are known as player i's rationalizable strategies.

For two-player games, a strategy is strictly domi-

nated if and only if it is never a best response. For

larger games, strictly dominated strategies ⊆ never

best responses,1 so by iteratively eliminating non-

rationalizable strategies, we end up with a set of strate-

gies no larger than the set resulting from the iter-

ated deletion of strictly dominated strategies. Once

again, the order in which non-rationalizable strategies

are deleted does not matter.

Under weak condition, a player always has at least one

rationalizable strategy.

2.3 Nash Equilibrium

De�nition 8. (Nash equilibrium) A strategy

pro�le s = (s1, · · · , s`) constitutes a Nash equilib-

rium if for every i

ui(si, s−i) ≥ ui(s′i, s−i)

for all s′i ∈ Si.

A mixed strategy pro�le σ = (σ1, · · · , σ`) consti-

tutes a Nash equilibrium if, for every i = 1, · · · , `

ui(σi, σ−i) ≥ ui(σ′i, σ−i)

for all σ′i ∈ ∆(Si).

In this equilibrium, each strategy is a best response

(in the sense above) to the strategy actually played by

rivals. A rationalizable strategy is one that is a best

response to any rational strategy played by rivals. A

Nash equilibrium only requires this of the actual strat-

egy.

Note that every Nash equilibrium is also rationalizable,

1In particular, a strategy may be rendered non-rationalizable

by one σ′i in the case of one σ−i, and another σ′i in the case of

another. Neither strategy would strictly dominate it.
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so this concept further sharpens our list of acceptable

strategies.

Another way to de�ne a Nash equilibrium is using the

concept of a player's best-response correspondence

De�nition 9. (Best-response correspon-

dence) A player's best response correspondence,

bi : ∆(S−i)→ ∆(Si), is de�ned as

bi(σ−i) = argmaxσi∈∆(Si) {ui(σi, σ−i)}

We further let

b(σ) = {bi(σ−i)}`i=1

σ is then a Nash equilibrium if b(σ) = σ.

It makes intuitive sense that out of all the pure strate-

gies player i could use against σ−i, it would only want

to use the best ones. This, it turns out, provides an

easy way to check whether σ is a Nash equilibrium

Theorem 2. Let S+
i ⊂ Si denote the set of pure

strategies that player i plays with positive probabil-

ity in mixed strategy pro�le σ = (σ1, · · · , σ`). This
pro�le is a Nash equilibrium if and only if for all

i = 1, · · · , `

1. ui(si, σ−1) = ui(s
′
i, σ−i) for all si, s

′
i ∈ S+

i .

2. ui(si, σ−i) ≥ ui(s
′
i, σ−i) for all si ∈ S+

i and all

s′i /∈ S+
i .

Proof. ⇒ If either condition does not hold, then

there are strategies si ∈ S+
i and s′i ∈ Si such that

ui(s
′
i, σ−i) > ui(si, σ−1)

⇐ Assume σ is not a Nash equilibrium. Then there is

some player i who has a strategy σ′i with ui(σ
′
i, σ−i) >

u(σi, σ−i). This means there must be an s′i (played
with positive probability in σ′i) for which u(s′i, σ−i) >
ui(σi, σ−i). But since ui(σi, σ−i = ui(si, σ−i) for all

si ∈ S+
i , (1) and (2) cannot both be true.

Each player is indi�erent to the weights they put on

those best strategies. These are only predicated by the

requirement that the other pla

Theorem 3. Every game ΓN = [`, {∆(S)}, {u(·)}]
in which the sets S1, · · · , S` have a �nite number of

elements has a mixed stategy Nash equilibrium

Example

Consider the following game

L R

U (3,2) (0,0)

D (0,0) (2,3)

Suppose player i plays their �rst choice with probabil-

ity pi.

Player 1's utilities are then

u1(U) = 3p2 u1(D) = 2(1− p2)

These two options have equal utility when p2 = 2
5 .

Now consider player 2

u2(L) = 2p1 u2(R) = 3(1− p1)

These two options have equal utility when p1 = 3
5 .

Thus, a Nash equilibrium for this game is (p1, p2) =
(3

5 ,
2
5).

Example

` + 1 bidders all value an object at v. Whoever bids

highest pays their bid and gets the object, and everyone

else still pays their bid.

Clearly, any bid above v is strictly dominated. Con-

sider a symmetric Nash equilibrium in which every

player bids in [b∗, v] with CDF G(b). The payo� to

a player bidding b is

u(b) = (v − b)G(b)` − b(1−G(b)`) = vG(b)` − b

We know u(v) = 0, and for this to be a Nash equilib-

rium, this utility must be constant through the interval

[b∗, v]. Thus

G(b) =

(
b

v

)1/`

∀b ∈ [b∗, v]

For this to be a valid CDF, we need b∗ = 0.
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Example

Consider a Bertrand oligopoly game in which two �rms

compete for N customers, each willing to pay at most

p∗ for each unit of the product. The �rms can produce

no more than q̄ items, and need to decide what price

to post.

u1(p1, p2) =


p1q̄ if p1 < p2 ≤ p∗

p1(N − q̄) if p∗ > p1 > p2
1
2p1N if p∗ > p2 = p2

• If q̄ < 50, both �rms post the monopoly price p∗.

• If q̄ > 100, there is a single Nash equilibrium at

p1 = p2 = 0.

• If q̄ ∈ (50, 100), there cannot be a pure-strategy

Nash equilibrium (if p1 = p2 > 0, one of the �rms

would deviate slightly and get all the pro�t, if p1 =
p2 = 0, one of the �rms can go slightly higher

and make the pro�t in excess of the other �rm's

capacity, and if p1 < p2, �rm 1 has no reason not

to increase up to p2).

Assume the mixed (symmetric) equilibrium is for

each �rm to set the price somewhere in [ρ, p∗], with
CDF G(p). Then if �rm 1 bids p, its payo� is

u1(p) = pq̄(1−G(p)) + p(N − q̄)G(p)

This gives

G(p) =
pq̄ −K
p(2q̄ −N)

Using G(p∗) = 1 and G(ρ) = 0 allows us to �nd

K and ρ. We then reason that the value outside

that range is less advantageous.

2.4 Bayesian Nash Equilibrium

In a Bayesian came, each player i has a payo� func-

tion ui(si, s−i, θi) where θi ∈ Θi is a random variable

chosen by nature and observed only by player i. The

joint probability of the θi's is given by F (θ1, · · · , θ`),
which is assumed to be common knowledge among the

players. Letting Θ = Θ1 × · ×Θ`, a Bayesian game is

summarized by the data

[`, {Si}, {ui(·)},Θ, F (·)]

A pure strategy for player i is a function si : Θi → Si
(a decision rule). Player i's pure strategy set Si is

therefore the set of all such functions.

Player i's expected payo� given a pro�le

(s1(·), · · · , s`(·)) is then given by

ũi(s1(·), · · · , s`(·)) = Eθ [ui(s1(θ1), · · · , s`(θ`), θi)]

De�nition 10. (Pure strategy Bayesian

Nash equilibrium) A pure strategy Bayesian

Nash equilibrium is a pro�le of decision rules

(s1(·), · · · , s`(·)) that constitutes a Nash equilib-

rium of the game ΓN = [`, {Si}, {ũi(·)}]. That is,
for every i

ũi(si(·), s−i(·)) ≥ ũi(s′i(·), s−i(·))

for every s′i(·) ∈ Si.

Theorem 4. A pro�le of decision rules

(s1(·), · · · , s`(·)) is a Bayesian Nash equilib-

rium if and only if for all i and all θ̃i ∈ Θi occurring

with positive probability,

Eθ−i

[
ui(si(θ̃i), s−i(θ−i), θ̃i)|θ̃i

]
≥ Eθ−i

[
ui(s

′
i, s−i(θ−i), θ̃i)|θ̃i

]
for all s′i ∈ Si.

This theorem implies that we can e�ectively consider

each `type' of player i (corresponding to a di�erent θi ∈
Θi as a separate player, who maximizes his expected

payo� (with expectation taken over all the types of his

opponents) given his type.

Example

Consider a �rst-price sealed bid auction with `+1 bid-

ders, where each player's valuation is drawn from a

CDF F with support [vmin, v
max].

We will show there is a pure-strategy Nash equilibrium

in which each bidder bids s(vi), where vi is the bidder's
valuation.
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If bidder i bids b, his utility is

ui(b) = P
[
b > max

k 6=i
s(vk)

]
(vi − b)

= F
[
s−1(b)

]`
(vi − b)

To make algebra simpler, let r be such that b = s(r).
We then have

ui = F (r)`(vi − s(r))

At the optimal b (or, equivalently, the optimal r)

dui
dr

= `F (r)`−1f(r)(vi − s(r))− F (r)`s′(r) = 0

His optimal bid, b∗ satis�es

u′i(b∗) = `F
[
s−1(b)

]`−1
f
[
s−1(b)

]`−1

2.5 Mistakes & Trembling Hand Perfection

We now consider the possibility that some players may

make mistakes. In particular, that there is a minimum

probability εi(si) ∈ (0, 1), with
∑

si∈Si εi(si) < 1, that
the player will play each of his strategies si.

We model this by de�ning a perturbed strategy set for

the game

∆ε(Si) =

{
σi : σi(si) ≥ εi(si),

∑
si∈Si

σi(si) = 1

}

De�nition 11. ((Normal-form) trembling-

hand perfect Nash equilibrium) A Nash equi-

librium σ in a game ΓN is trembling-hand per-

fect if there is some sequence of perturbed games

{Γεk}∞k=1 that converges to ΓN (in the sense that

limk→∞ ε
k
i (si) = 0 for all i and si ∈ Si), for which

there is some associated sequence of Nash equilib-

ria {σk}∞k=1 that converges to σ.

This de�nition is not as strong as it could be � indeed,

note that it only requires some perturbed games to

have equilibria close to σ, not all.

A more manageable way to test for this concept is pro-

vided in the following theorem

Theorem 5. A Nash equilibrium of a game is nor-

mal form trembling-hand perfect if and only if there

is some sequence of totally mixed strategies {σk}∞k=1

such that limk→∞ σ
k = σ and σi is a best response

to every element of sequence {σk−i}∞k=1 for all i.

And a direct consequence. . .

Theorem 6. If σ is a (normal form) trembling-hand

perfect Nash equilibrium, then σi is not a weakly

dominated strategy for any i. Hence, in any such

equilibrium, no weakly dominated pure strategy can

be played with positive probability.

Note: The converse is, generally, only true in two-

person games. Thus, this concept narrows strategies

down further.

3 Dynamic Games

We now consider a situation in which sequentiality in

the plays may result in the Nash equilibrium being

untenable.

3.1 Sequential Rationality, Backward In-

duction, and Subgame Perfection

De�nition 12. (Subgame) A subgame of an ex-

tensive form game ΓE is a subset of the game hav-

ing the following properties:

• It begins with an information set containing

a single node, all decision nodes that are this

node's successors and only those nodes.

• If node x is in the subgame, then every node

in x's information set is also in the subgame.

De�nition 13. (Subgame perfect Nash equi-

librium) A pro�le of strategies σ is a subgame per-

fect Nash equilibrium (SPNE) if it induces a Nash

equilibrium in every subgame of ΓE .
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It is particularly interesting to note that in �nite games

of perfect information, every new node begins a new

game. As such, the SPNEs in such a game can be

found by backwards induction � starting at the leaves

of the tree and �nding Nash equilibria at each decision.

This is called backward induction.

Example

Consider a T period game. In odd periods, player 1

makes an o�er x. If player 2 accepts this o�er, the

payo�s are
(
δt−1x, δt−1(1− x)

)
with δ < 1. If player 2

rejects the o�er, the game moves on and the roles are

reversed. If period T is reached without an acceptance,

the payo� is (0, 0).

Suppose player 1 makes the �nal o�er in period T (ie:

T is odd):

Period T � player 1 � Player 1's o�er will be (1, 0),
which player 2 will take, with payo�s (δT−1, 0).

Period T − 1 � player 2 � Player 2 wants player 1

to accept (else, her payo� will be 0 as above).

She'll therefore make an o�er giving a payo�

of at least δT−1 to player 1. This o�er is(
δT−1

δT−2 , 1− δT−1

δT−2

)
which gives payo�s

(δT−1, δT−2 − δT−1)

Pariod T − 2 � player 1 � For player 2 to accept,

player 1 needs to o�er her at least δT−2 − δT−1.

This o�er is
(

1− δT−2−δT−1

δT−3 , δ
T−2−δT−1

δT−3

)
, giving

payo�s(
δT−3 − δT−2 + δT−2, δT−1 − δT−1

)
This outcome for player 1 is greater than δT−1

(which he'd have got if 2 had rejected his o�er

and the step above had been reached). Thus, it is

in his interest to make this proposal and get 2 to

accept.

Period T − 3 � player 2 � using similar logic, player

2 would have to propose a number leading to a

payo�(
δT−3 − δT−2 + δT−1, δT−4 − δT−3 + δT−2 − δT−1

)
Continuing these steps, we �nd a payo� of(

T−1∑
t=0

(−δ)t,
T−1∑
t=1

(−δ)t
)

or, bearing in mind T is odd,(
1 + δT

1 + δ
,
δT − δ
1 + δ

)

Generalized backwards induction �nds SPNEs in more

generate �nite dynamic games. It simply requires us

to start by �nding Nash equilibria for each of the �nal

subgames, and then to work our way up from there.

If the subgames contain multiple Nash equilibria, then

each needs to be considered separately.

The following theorem show that strategies obtained

using this method coincide with SPNEs for games of

incomplete information.

Theorem 7. Let S be a subgame of ΓE and let σS

be an SPNE of S. Consider the reduced game, Γ̂E
obtained from ΓE by replacing the subgame S with

a terminal node whose payo�s are those induced by

σS . Then

• If σ is an SPNE of ΓE in which σSubgame S , then

σOutside S must form an SPNE for Γ̂E .

• I f σ̂ is an SPNE of Γ̂E , then σ = (σ̂, σS) is an
SPNE of ΓE .

Proof. • Suppose there is a deviation from σOutside S

in Γ̂E that makes a player better o�. That same

deviation in σ (leaving all moves in S unchanged)

would make the player better o� in ΓE contradict-

ing the fact σ is an SPNE for ΓE .

• We need to show that σ induces an SPNE on every

subgame S′ of ΓE . If S /∈ S′, there is nothing to

show.

Otherwise, suppose there is a deviation from

σSubgame S′ that makes the player better o� in S′.
Then since σS an an SPNE for S, that deviation
must involve moves outside S and in S′. Thus, σ̂
cannot be an SPNE of Γ̂E .

As required.

The following theorem concerns a speci�c kind of game
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Theorem 8. Consider an `-player extensive form

game involving successive plays of T simultaneous

move games ΓtN =
[
`, {∆(Sti )}, {uti(·)}

]
, with the

players observing the pure strategies played in each

game immediately after conclusion of play, and in

which the payo� is equal to the sum of the payo�s

in all T games. If there is a unique Nash equilib-

rium σt in each game ΓtN , then there is a unique

SPNE for the full game, which consists of playing

those strategies in each game regardless of what has

happened previously.

Proof. Clearly, this is true for T = 1 (if we only have

one game). Now, suppose this is true for T = n−1, and
consider a situation with T = n. After we've played

game 1, we must play an SPNE of the resulting n− 1
games (since these games form a subgame), and by the

inductive hypothesis, this SPNE involves playing the

Nash equilibrium in each case.

4 Beliefs and Sequential Rationality

This concept is unfortunately not so useful in games

without proper subgames. This occurs, for example, if

there is uncertainty at every step of the game. In such

cases, we require moves to be rational with respect to

some belief of how the uncertainty was resolved.

De�nition 14. (System of Beliefs) A system

of beliefs µ in an extensive form game ΓE is a spec-

i�cation µ(x) ∈ [0, 1] for each decision node x in

ΓE such that ∑
x∈H

µ(x) = 1

For all information sets H in the game.

This represents the probability a particular player will

be at a certain point in an uncertainty set conditional

on having reached that uncertainty set.

We also let E[ui|H,µ, σi, σ−i] denote player i's ex-

pected utility starting at his information set H, assum-

ing the conditional probabilities of being at the various

nodes in H are given by µ, that he plays strategy σi
and that his rivals uses strategies σ−i.

De�nition 15. (Sequentially rational strat-

egy pro�le) A strategy pro�le σ in the extensive

form game ΓE is sequentially rational at informa-

tion set H given a set of beliefs µ if, denoting by

′(H) the player who moves at information set H,

we have

E
[
u′(H)|H,µ, σ′(H), σ−′(H)

]
≥ E

[
u′(H)|H,µ, σ̄′(H), σ−′(H)

]

In other words σ is sequentially rational if no player

�nds it rational to revise his strategy (once his infor-

mation set has been reached) given his beliefs about

what has already occurred (as embodied in µ).

De�nition 16. (Weak perfect Bayesian equi-

librium) A pro�le of strategies and a system of

beliefs (σ, µ) is a weak perfect Bayesian equilibrium

(weak PBE) in an extensive form game ΓE if it has

the following properties

• The strategy pro�le σ is sequentially rational

given belief system µ.

• The system of beliefs µ is derived from σ
through Bayes' rule, whenever possible. In

other words, for any information set H such

that P(H|σ) > 0 (ie: any information set that

may be reached with positive probability un-

der σ), we have

µ(x) =
P(x|σ)

P(H|σ)
∀x ∈ H

Example

Consider the following game

Fight Accomodate

Out (0,2) (0,2)

In1 (−1,−1) (3,−2)
In2 (γ, −1) (2,1)

In which player 1 �rst makes a decision, followed by

player 2. If player 1 picks `out', player 2 observes it. If

player 1 picks one of the `in' strategies, player 2 does
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not know which.

Consider two possibilities.

γ > 0

In this case, `out' is strictly dominated by `In2'. As

such, player 1's strategy is σ1 = (0, p1, 1− p1).

Player 2's uncertainty set is reached with probability

1, and his beliefs are µ(In1) = p1 and µ(In2) = 1− p1.

γ ∈ (−2
3 , 0)

Consider player 2 � if player 1 picks `out', she is indif-

ferent between F and A. If not, let player 2's beliefs be

µ(In1) = p and µ(In2) = 1−p. Her payo�s if she picks
F or A are then

E[u2|F, µ] = −1 E[u2|A,µ] = 1− 3p

As such, if p > 2
3 , player 2 chooses F.

We therefore have our �rst weak PBE � (Out, F), with

µ(In1) ≥ 2
3 . (Note that since player 2's information set

is never reached, µ need not conform to Bayes' rule).

Suppose, instead, that player 1 decides to enter the

game. He then faces the following subgame

Fight Accomodate

In1 (−1,−1) (3,−2)
In2 (γ, −1) (2,1)

This has NE

σ1 =
(

2
3 ,

1
3

)
σ2 =

(
1

2+γ ,
1+γ
2+γ

)
Now consider; the payo� to player 1 assuming he al-

ways enters the game and follows the strategy above

is

−
(

2
3

1
2+γ

)
+ γ

(
1
3

1
2+γ

)
+ 3

(
2
3

1+γ
2+γ

)
+ 2

(
1
3

1+γ
2+γ

)
= 3γ+2

2+γ

This is > 0, since γ > −2
3 . Thus, (σ1, σ2) is a weak

PBE, with µ = σ1.

Theorem 9. A strategy pro�le σ is a Nash equilib-

rium of the extensive form game ΓE if and only if

there exists a system of beliefs µ such that

• The strategy pro�le σ is sequen-

tially rational given belief system µ
at all information sets H such that P(H|σ) > 0.

• The system of beliefs µ is derived from strategy

pro�le σ through Bayes' rule whenever possible.

Notice that the only di�erence between a Nash equilib-

rium and a weak PBE is the underlined phrase above.

De�nition 17. (Sequential equilibrium) A

strategy pro�le and system of beliefs {σ, µ} is a

sequential equilibrium of extensive form game ΓE
if it has the following properties

• Strategy pro�le σ is sequentially rational given
belief system µ.

• There exists a sequence of completely mixed

strategies {σ(k)}∞k=1 with limk→∞ σ
(k) = σ

such that µ = limk→∞ µ
(k), where µ(k) de-

notes the beliefs derived from strategy pro�le

σ(k) using Bayes' rule.

In some sense, this kind of equilibrium requires beliefs

to be justi�able under the assumption other players

may be small `mistakes' in their optimal strategies.

5 Repeated games

A repeated game consists of repetitions of �nite-move

simultaneous games of one period, {`, {Ai}i∈`, u}. We

assume every player observes the actions chosen by all

other players at the end of each period.

De�nition 18. (Strategy) Let ht =
(a1, · · · , at−1) be a history of length t, where

aτ is the action pro�le played at time τ in the

game. Let Ht be the set of histories of length t,
and H = ∪t≥0Ht denote the set of histories of the

game.

A pure behavioural strategy is

si : H → Ai
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A mixed behavioural strategy is

σi : H → ∆(Ai)

A strategy pro�le generates a sequence of payo�s for

each player in each period. Players discount the future

at the common factor δ < 1. Thus, for mixed strategies

Ui(σ) = (1− δ)
T∑
t=1

δt−1

 ∑
ht∈Ht

π(ht|σ)ui(σ(ht))


where π(ht|σ) is the probability of realizing history ht
given that the players are following strategy pro�le σ.

Every history ht can be thought of the initial node in

a subgame.

5.1 One-short deviation principle

Let σi|ht be the restriction of strategy σi to the sub-

game following history ht.

De�nition 19. (Pro�table one-short devia-

tion) Let σ be given. A pro�table one-shot de-

viation for player i is a strategy σ′i 6= σi such that

• σi(ht) = σ′i(ht) for all histories except for one
particular history ht′ (in other words, player i
only deviates for one particular history).

• Ui(σ′i|ht′ , σ−i|ht′) > Ui(σi|ht′ , σ−i|ht′)

A Nash equilibrium can have a pro�table one-shot de-

viation as ht′ may not be on the equilibrium path. An

SPNE cannot.

Theorem 10. A strategy σ is an SPNE if and only

if there are no pro�table one-shot deviation.

Theorem 11. Suppose that σ is a strategy pro�le

of the repeated game with the following property

σ(ht) = γ(t) ∀ht ∈ Ht

Then σ is an SPNE if and only if γ(t) is a Nash

equilibrium of the stage game for all t.

5.2 Finitely Repeated Games

Theorem 12. (I) f the stage game has a unique

Nash equilibrium α∗, the unique SPNE of the

�nitely repeated game is σ∗(ht) = α∗, for all ht and
t.

As such, repeating a game with a unique Nash equilib-

rium does not help in fostering cooperation.

Example

Consider the following game

L C R

S (10,10) (2,8) (0, 13)

M (8,2) (5,5) (0, 3)

B (13,0) (3,0) (1,1)

(M,C) and (B,R) are Nash equilibria. S and L are

strictly dominated, even though they can be thought

of as the `cooperative' outcome.

By Theorem 11, any strategy that alternates between

(M,C) and (B,R) is an SPNE. We can also, however,

foster cooperation.

δ = 1

σ1(ht) =


S if t = 1
S if t < T and aτ = (S,L) ∀τ < t
B if t < T otherwse

M if T = T and aτ = (S,L) ∀τ < t
B if T = T otherwise

and

σ1(ht) =


L if t = 1
L if t < T and aτ = (S,L) ∀τ < t
R if t < T otherwse

C if T = T and aτ = (S,L) ∀τ < t
R if T = T otherwise

(In short � play (S,L) until the other player deviates,

at which point start playing (B,R). If the other player

hasn't deviated by the last period, play (M,C).

Now consider � of the equilibrium path, the players

are playing the NE (B,R). We therefore only need to

check that there are no pro�table one-shot deviations

from the equilibrium path. The most pro�table such

deviation will be in period T − 1 (when the player has

already gained as much as possible from cooperation).
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Player 1 may deviate there by playing the best response

to L � ie: by playing B. It would then earn 13 in the

period, but then only 1 in the next period (when (B,R)

will be played), thus resulting in a gain of 14. This is

less than the gain of 10 + 5 = 14 that it would get

should it continue to cooperate.

δ < 1

If δ < 1, the reasoning above only applies if

13 + δ < 10 + 5δ ⇒ δ > 3
4

Otherwise, consider a strategy identical to the one

above except that the play of (M,C) also extends to

period T − 1. So the strategy becomes to play (S,L)

until the other player deviates, after which point (B,R)

should be played. If the other player hasn't deviated

by time T − 1, play (M,C) at times T − 1 and T .

Now, it no longer makes sense to deviate at T − 1.
The most pro�table deviation is now at T − 2 (when

the most cooperation has been encouraged thus far).

Player 2 will be playing L. Suppose player 1 were to

play his best response (B) and get 13. Play would then

immediately switch to (B,R) and the payo� to player

1 would be

13 + δ + δ2

as compared to 10 + 5δ + 5δ2. The later is less than

the latter for all δ > 1
2 .

The takeaways from the example above are:

• Fostering cooperation is possible when there are

multiple NEs, ranked in terms of Pareto desirabil-

ity.

• At the terminal phase of the game, the best NE

must be played.

• Earlier in the game, the cooperative outcome is

played. The worse NE is used to threaten the

other player and discourage deviations.

• The smaller δ, the shorter the cooperative period.

5.3 In�nitely repeated games
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